Abstract. K. Tamaño asked the following question. Is a stratifiable space metrizable if it is K-metrizable? To answer this question, we show that the class of stratifiable K-metrizable spaces is much wider than that of metrizable spaces. In fact, we describe two very distinct classes of countable, stratifiable K-metrizable spaces which are not metrizable. One of them has no nontrivial convergent sequence. The other is bisequential but not a w-space. In addition, we give a characterization of ic-metrizability of countable spaces defined by the Cantor tree and note a topological property of monotonically normal kmetrizable spaces.
Introduction
We start with some definitions and notation. N is the set of natural numbers, and co is the first infinite ordinal. As usual, we identify an ordinal with the set of smaller ordinals. Unexplained notions and terminology are the same as [3] . A space X is called monotonically normal [7] if for each pair (x, U) consisting of a point x in X and its neighborhood U, there exists an open set H(x, U) satisfying the following two conditions: (MN1) x £ H(x, U) c U ; (MN2) if H(x, U) n H(y, V) Í 0, then either x £ V or y £ U. We call H the monotone operator for X . Monotone normality is a hereditary property. Both generalized ordered spaces and stratifiable spaces are monotonically normal [7] . A space X is called stratifiable [5] if there is a function G which assigns to each « e N and each closed set H c X, aa open set G(n, H) containing H such that: (a) H = f] G(n, H) ; (b) if H c K, then G(n, H) c G(n, K). The class of stratifiable spaces is hereditary and countably productive [5, Theorem 5.10] . For example, a monotonically normal a-space is stratifiable.
According to [15] a /c-metric on a space X is a nonnegative real-valued function p(x, R) of two variables-a point x in X and a regular closed subset R in X-satisfying the following requirements:
(Kl) p(x,R) = 0 iff x£R; (K2) if R c R', then p(x, R) > p(x, R') for every x £ X ; (K3) p(x, R) is continuous with respect to x for every R ; (K4) p(x, (JQ Ra) = infa p(x, Ra) for every increasing transfinite sequence A space on which there exists a k-metric is called k-metrizable. Obviously every metrizable space is k-metrizable. The product of any collection of kmetrizable spaces is K-metrizable [15, Theorem 2] . Not every subspace of a K-metrizable space is K-metrizable. But, we can easily see that both dense subspaces and regular closed subspaces of a K-metrizable space are K-metrizable.
Dranishnikov investigated K-metrizable spaces and stratifiable spaces in view of "annihilation" [2] .
In [18 In this paper we would like to answer the above question also in the negative. For convenience, we denote by Sffl the class of stratifiable K-metrizable spaces. We show: ( 1 ) there exists a countable space M £ Sffl without any nontrivial convergent sequence and (2) there exists a countable space S £ Sffl which is bisequential but not a iti-space. Each example has only one nonisolated point. This means that the class of stratifiable K-metrizable spaces is much wider than that of metrizable spaces. In addition, we give a characterization of K-metrizability of countable size spaces defined by the Cantor tree and note a topological property of monotonically normal K-metrizable spaces.
Let S(co) be the sequential fan with co converging sequences; in other words, S(co) is the quotient space obtained from the topological sum of co converging sequences by identifying limit points. S(co) is not K-metrizable, because, as described above, every Lasnev space is metrizable if it is K-metrizable. Let N U {p} be the subspace of /?N, where p £ )SN -N. N U {p} is not Kmetrizable, because an extremally disconnected K-metrizable space is discrete [15] .
Counterexamples
For a set Y we denote by 3s(Y) the set of all subsets of Y. We need the following theorem to prove K-metrizability of our spaces. 
We only need to examine (K4) to show p is a K-metric. Let {Ra : a < x} he an increasing collection in 9t, and let R = \Ja Ra. First, assume that there exists a with Ra £ 3lx. Then R = \Ja Ra £ ¿%x ; hence, p(x, R) = infa p(x, Ra) = 0 if x £ R, and p(x, R) = infa p(x, Ra) = l/k if x £ Dk -R. Second, we assume Ra £ ¿%2 for every a < x. Put cp(Ra) = ka for a < x. In case {ka : a < x} is infinite, R = {oo} uU^e 3lx by <p(\Ja Ra) = co. If x £{JaRa, then p(x, R) = infQp(x, Ra) = 0. If x = oo, then p(x, R) = 0 and p(x,Ra) = l/ka for a < x; hence, p(x,R) = infQp(x, Ra) = 0. If x € Dk-R, then p(x, R) = l/k and p(x, Ra) = l/k for some a with k < ka; hence, p(x, R) = infa p(x, Ra) = l/k. In case {ka : a < x} is finite, without loss of generality, we may assume tp(Ra) = k for every a < x. From the condition (3) of tp , ç»(Ua Ra) = k and R = \Ja Ra £ M2. If x £ R, then
This completes the proof.
In Theorem 2.1 the condition "oo is a G<$-point" is essential. Let X = D(cox) U{oo} be the one-point compactification of the discrete space D(cox) of cardinality cox. If we set cp(F) = \F\ for F c D(cox), where tp(0) = 1, then tp satisfies (1), (2) , and (3) in Theorem 2.1. But X is not K-metrizable (see [15, Theorem 6] ).
We recall some convergence properties. A space X is sequential [3] if a set id is closed iff no sequence in A converges to a_point not in A . A space X is Fréchet [3] if for every A c X and every x £ A there exists a sequence {xn : « £ N} of points in A converging to x. A space X is strongly Fréchet (i.e., countably bisequential [8] ) if for every decreasing sequence {A" : « e N} of subsets in X and every x £ f)An, there exists an x" £ An such that {x" : « £ N} converges to x. A space X is a w -space [16] if for every sequence {A" : « £ N} of subsets in X and every x £ f)A", there exists an x" £ An such that {xn : n £ N} converges to x. A space X is bisequential [8] if every ultrafilter converging to a point x £ X contains a decreasing sequence {An : n £ N} converging to x . Obviously, first countable -► w-space -> strongly Fréchet -> Fréchet -» sequential. \ / bisequential
In [17, Theorem 3.4] , it was proved that if a monotonically normal kmetrizable space is sequential, then it is strongly Fréchet.
Let T be the set of all finite sequences of O's and l's, and let C be the Cantor set {0, 1}°». For t £ T we set U(t) = {f £ C: t c /}, where t C / means / is an extension of /. Then % = {U(t) : t £ T} is an open base for the Cantor set consisting of nonempty open-and-closed sets. The base % satisfies that if Ux, U2 £ & and Ux n U2 ¿ 0, then Ux C U2 or U2 c Ux. We call í¿ the canonical base for the Cantor set C = {0, 1 }w . Now we give examples described in the introduction. Recall that Sffl is the class of stratifiable K-metrizable spaces.
Example 2.2. There exists a countable space M £ ¿ffîf without any nontrivial convergent sequence.
Proof. Let % be the canonical base for C .Let "V be the set of all open-andclosed sets in C. Since "V is countable, we may set "V = {V0 = 0} U {Vn : n £ N}. We denote by CP(C, {0, 1}) the space of all continuous functions from C to {0, 1} with the topology of pointwise convergence. In other words, CP(C, {0, 1}) is the subspace of {0, 1}C consisting of all continuous functions from C to {0, 1} . We can set CP(C, {0, 1}) = {/0} U {/" : « £ N} , where f0 is the constant function to 0 and /" is the characteristic function on Vn£iV in C.
Let L be the space whose underlying set is {fo} U {f" : « £ N} and whose topology is given as follows: every /", « 6 N, is isolated in L ; and a basic open neighborhood of fi> is the same as fo £ CP(C, {0, 1}). Obviously, L is stratifiable. Note that L has nontrivial convergent sequences.
We want to show that L is K-metrizable. We examine the conditions (1), (2) , and (3) in Theorem 2.1. First we prove (1). Assume L(A) is closed in L. Then there exists a finite subset F of C with FnF, / 0, n £ A. For each n £ A, choose U" £ % with Fr\Un¿ 0 . If 9S is a disjoint family in {U" : n £ A} , then \@\ < \F\. Hence tp(L(A)) < \F\ < co. Conversely assume tp(L(A)) = k < co. Then there exist (un) g Y\n€A ^" and its nnite subset {[/",, U"2,..., U"k} c {U" : n £ A} such that {[/",, U"2, ... , Unk} is disjoint, and such that, if 2 is a disjoint family in {U": n £ A), then \3l\<k.
Put WÔ = {Un : Un D Un, for some ;} and Wj = {Un:UnC Unj}, l<j<k.
Obviously {U" : n £ A} = W0UWXU---uWk by the "non-Archimedean" property of %. Since any two elements of W¡, j t¿ 0, must intersect, each W¡ is linearly ordered by inclusion. Thus we can take Xj £ f) Wj , / ^ 0. Put F = {xx, x2, ... , xk] . Then for each « £ A, F n í/" t¿ 0 . Especially for each « £ A, FnK"/0.
This means that L(A) is closed in L.
Condition (2) is easy to see. We prove (3). Assume « e N, A" c N, A" c An+X, and cp(L(An)) = k <co. Put i = |J" ^n • We show <p(L(A)) < k. For every n £ A we give % the discrete topology. For every j £ N we set C7, = {(U") e ELe/i % : if -SMs a disjoint family in {U" : n e Aj} , then \2t\<k) . It is not difficult to see that Gj is a nonempty closed set in YlneA^n and 67 D C7;+i. Since W,niA%n is compact, we can take (U") £ f| G}■■. This (£/") is the desired one.
By Theorem 2.1, L is K-metrizable.
It is known that CP(C, {0, 1}) is not Fréchet (see the corollary of Theorem 4 in [4] ). Hence we can take a subset E of CP(C, {0, 1}) such that fo £ E -E and E does not contain any convergent sequence to fo . Let n : L -> CP(C, {0, 1}) be the identity map. Put M = n^({f0} U E). The space M is the desired one. Recall that every regular closed subspace of a K-metrizable space is K-metrizable. This completes the proof.
Since CP(C, {0, 1}) is dense in {0, 1}C , it follows that it is K-metrizable. But CP(C, {0, 1}) is not stratifiable (not even monotonically normal). The fundamental idea of this fact is due to [6] essentially; see also [12, Example
4.13].
We comment on the Cantor tree [10] to give another counterexample. Recall T is the set of all finite sequences of 0's and l's with the extension order c , and C is the set of all sequences of 0's and l's whose domain is co. In other words, C is the Cantor set {0, 1}W and F = {f\n : n £ co, f £ C), where f\n is the restriction of / to the domain « . We give FuC the interval topology. Exactly speaking, every point of F is isolated and a neighborhood of a point / e C is of the form {/} u J, where J is a cofinite subset of /(/) = {f\n : n £ co) . T U C is called the Cantor tree. Since F u C is locally compact, it has the one-point compactification F u C U {oo} . We set S = Til {oo} , the subspace of TU CU {oo} . Note that for A c F A is closed in S iff A c J(F) for some finite subset F of C, where J(F) = U/ef ^(/) • The space F u C U {oo} is bisequential [9, 3.4] , and hence, S is also bisequential; while F u C U {oo} is not a lu-space ( [9, 3.4] Proof. Let S be the space defined above. We have only to see that S is kmetrizable. For each t £ T, let x(t) be the characteristic function on U(t) in C. Recall the space L in the proof of Example 2.2. We define a mapping e: S -> L by e(oo) = fo and e(t) = x(t) ■ Then e is injective and e(J(f)) = {x(t) : t £ J(f)\ . Therefore, e is an embedding into L. Since e(S) is regular closed in L, S is K-metrizable. This completes the proof.
The space S in Example 2.3 is identical with the space defined in [13, ample].
K-METRIZABILITY OF S(K)
For K c C, let TuK be the space with the interval topology and FUÄU{oo} be the one-point compactification of TDK. We set S(K) = T u {00}, the subspace of T U K U {00}. Note that for A c F A is closed in S(K) iff \A -7(F)I < co for some finite subset F of K. The space 5 is identical with S(C). In view of Example 2.3, one naturally asks the question "is S(K) K-metrizable for any K c CI". In this section we answer this question in the negative. In fact, we show that S(K) is K-metrizable iff K is an FCT-set in C. Note that S(K) is metrizable iff K is countable. Conversely, assume that K is an F^-set in C. By Lemma 3.3 we may assume that K is closed in C. We choose a countable subset {r" : « £ co} c F with C -K = U"€û) U(t"). Put E = {t £ T : t" c t for some n £ co}. Note E n J(K) = 0. 
Fan tightness of k-metrizable spaces
In this section we note a topological property of monotonically normal kmetrizable spaces.
Example 2.2 shows that a stratifiable K-metrizable space does not always have convergence properties. However, we prove that Xw has countable fan tightness provided that X is monotonically normal and K-metrizable. A space X is said to have countable fan tightness [ 1 ] if for each x £ X and each countable system {An : n £ N} of subsets of X such that x £ f\ A" there exist finite sets B" of A" such that x £ (J Bn . If each B" is replaced with a singleton subset in the above definition, then X is said to have countable strong fan tightness [14] .
Obviously a space with countable fan tightness has countable tightness. The sequential fan S(co) has countable tightness but does not have countable fan tightness.
Lemma 4.1 [15, Lemma 4] . Let {Ra : a £ A} be a family of regular closed subsets of a K-metric space (X, p). Then for any e > 0 and x £ X there exist ax, ... ,a"£A such that p(x, \J"=l Ra¡) < p(x, \Ja^A Ra) + e. Proposition 4.2. If X is monotonically normal and K-metrizable, then Xe0 has countable fan tightness. Proof. Let H be a monotone operator on X and p be a K-metric on X. Note that Xw has countable fan tightness if each finite product of X has countable fan tightness. First we show X has countable fan tightness. Assume A" c X and x £ F] An , n £ N. We may assume x £ X -\JA". For every y £ (J A" we set Uy = H(y, X -{x}). By Lemma 4.1, there exists a finite set Bn of An such that p(x, \Jy€BnTJy) < l/n . Put B = \JBn. Then p(x, \JyeB Uy) = 0. This means x £ \Jy€B Uy . By Lemma 3.1, \jyiB Uy c B U X -{x} . Thus x £ B. Second, we see X2 has countable fan tightness. Assume A" c X2 and (x, y) £ f) A" , « 6 N. We may assume (u, v) £ X2 -{x} x X U X x {y} if Remark. A stratifiable K-metrizable space does not always have countable strong fan tightness. Since CP(C, {0, 1}) does not have countable strong fan tightness [14] , there exists a sequence {An : n £ N} of subsets in CP(C, {0, 1}) such that fo £ f)A~n ; but for any h" £ A" f0 £ CP(C, {0, 1}) -{h" : « € N} . This implies that L in Example 2.2 does not have countable strong fan tightness.
